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CALCULUS INSTRUCTION

Establishing a new standard of care for calculus
using trials with randomized student allocation

Laird Kramer“2*, Edgar Fuller>4*, Charity Watson'**, Adam Castillo'>*1,

Pablo Duran Oliva*>®, Geoff Potvin'?

Calculus, the study of change in processes and systems, serves as the foundation for many STEM disciplines.
Traditional, lecture-based calculus instruction may present a barrier for students seeking STEM degrees,
limit their access to STEM professions, and block their potential to address society’s challenges. A large-scale
pragmatic trial with randomized student allocation was conducted to compare two calculus instruction
styles: active student engagement (treatment condition) versus traditional, lecture-based instruction (control
condition). A sample of 811 university students were studied across 32 sections taught by 19 instructors
over three semesters at a large, US-based Hispanic-serving institution. Large effect sizes were consistently
measured for student learning outcomes in the treatment condition, which demonstrates a new standard
for calculus instruction and increased opportunities for completion of STEM degrees.

alculus instruction needs substantial trans-
formation because it is often a barrier to
STEM degree attainment, especially for
traditionally underrepresented groups
(1-3), depriving both individuals and so-
ciety of the potential benefits of their inclu-
sion. National calls for calculus transformation
are numerous (4, 5), because failing calculus
can contribute to a student’s departure from
STEM degree programs. Only ~40% of stu-
dents entering universities with STEM degree
intentions actually graduate with a STEM de-
gree (6). More concerning is that the odds of
female students switching out of a STEM pro-
gram after a calculus course is ~1.5 times higher
than that of comparable male students (3). Fur-
thermore, Hispanic and Black/African American
students had >50% higher failure rates than
white students in calculus (7, 8).
Evidence-based instruction, which is imple-
mented in many STEM disciplines, has reliably
led to profound improvement in student suc-
cess (9-1I). However, common approaches to
calculus instruction continue to rely on tradi-
tional, lecture-based practices in which students
are passive learners in the classroom and are
expected to construct their knowledge mostly
outside of the classroom by doing homework or
in recitation sessions (72). Mathematics as a dis-
cipline thus needs to embrace its role in enabling
STEM careers that will lead to prosperity for
both individuals and society at large. “Calculus ...
must become a pump and not a filter” for the
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STEM pipeline, as noted in 1988 by Robert
White, president of the National Academy of
Engineering (13). Handlesman et al. (14) re-
cently argued that “we must fix the classrooms
where many students from historically excluded
communities are discouraged from pursuing
STEM” and that “... the continued exclusive use
of lectures is malpractice at best, or an act of
discrimination at worst.” Thus, it is imperative
that substantial transformation in calculus in-
struction takes place to promote more equita-
ble learning environments for all students.
‘We present a large-scale trial featuring ran-
domized student allocation into treatment or
control conditions to rigorously compare an
evidence-based, active student engagement
calculus course against traditional, lecture-based
calculus instruction. The work extends prior cal-
culus research investigations (75-17) by includ-
ing random assignment of students to treatment
and control sections, as well as anonymized
analysis of the identical end-of-semester learn-
ing outcomes. The study uses a pragmatic (18)
design with random allocation of students to
inform on the effectiveness of similar inter-
ventions at higher education institutions, re-
flecting real-world classroom constraints. In
these contexts, blinding of the treatment and
control conditions to both students and faculty
is not possible because blinding is only feasible
when the treatment and control conditions re-
main unknown to the participants during the
period of study (such as in a clinical trial drug
study). As with other public health or sociologi-
cal interventions, enrollment of participants
in this study revealed some aspects of a cohort
structure, but it was still possible to maintain
the essential aspects of random assignment by
following a modified protocol, as was done in
Zwarenstein et al. (18). The treatment condi-
tion integrated a suite of coherent strategies
that have been independently found (19, 20)
to improve student learning; thus, the treat-
ment was a distinct departure from tradition-
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for the treatment condition to remain hic....-
from students or faculty after the treatment be-
gan. Random assignment of faculty to control
or treatment conditions would not be possible
because an individual faculty member’s knowl-
edge, philosophy, and experience with a variety
of classroom strategies and instructional prac-
tices may intersect with the features of the treat-
ment or control conditions. The experimental
protocol thus included a group of instructors
willing to adopt the instructional methods in
the treatment condition. This comprehensive
experimental approach was intended to secure
the strongest possible evidence for critical stake-
holders to sustain the treatment beyond the trial.

The treatment condition used the modeling
practices in calculus (MPC) curriculum and
pedagogy, and the control condition represented
the preexisting, traditional instructional prac-
tices at the study institution. MPC integrates
the practices of mathematicians as a central
design tenet throughout the course. Instructors
facilitate students’ application of mathematical
“habits of mind” (21) that foster deeper under-
standing of calculus concepts, including the
identifying of patterns, hypothesis development
and testing, making connections, and communi-
cating ideas precisely to learn calculus through-
out the course. Class time is devoted to students
working collectively in small groups on prede-
signed notes and learning activities developing
their calculus understanding with minimal lec-
turing. Treatment included learning assistants
(22) who were undergraduate peers integrated
within the instructional team to facilitate student
learning and promote culturally responsive ins-
truction. The curriculum promotes mathemati-
cal practices (sense-making, problem solving,
argumentation, etc.) and established strategies
to optimize student engagement, including coop-
erative learning, argumentation and metacogni-
tion, mathematical fluency, and a culturally
responsive environment (23) (described in the
supplementary materials section 2). The MPC
design builds on the SCALE-UP calculus model
(24) and intentionally embodies well-established
recommendations for calculus instruction, in-
cluding ambitious teaching practices and strate-
gies promoted by national mathematics societies
and national reports (12, 20, 25-28).

The study was performed at Florida Interna-
tional University (FIU) in Miami, Florida, the
fourth-largest public research university in the
United States, with 58,787 students, of which
41,795 are undergraduates as of fall 2019 (29).
FIU is a Hispanic-serving institution, with 64%
of students identifying as Hispanic/Latino/a/.
Moreover, 79% of the students identify as mem-
bers of historically underrepresented racial/
ethnic minority groups, and 57% are women.
The institution’s size provided a unique oppor-
tunity to perform this study because there are
18 to 34: 40-student sections of calculus 1 being
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taught each semester and primarily serving
STEM majors. Furthermore, institutional con-
ditions created urgency to transform calculus
because historic pass rates in introductory cal-
culus averaged 55% (range 13 to 88%) over the
six semesters before the project’s pilot.

Research design

A pragmatic trial (30-32) of the MPC approach
was performed during the fall 2018, spring
2019, and fall 2019 semesters to rigorously test
student outcomes. Students were randomly
assigned individually to treatment and control
conditions at the beginning of the semester
after enrolling in sections on the basis of their
scheduling preferences using the institution’s
enrollment system. To accommodate the ran-
domized assignments, each of the experimen-
tal sections doubled in size from the usual 40
seats to 80 seats before enrollment opening.
Instructor names and section sizes were invis-
ible to students throughout the enrollment
phase. Just before each term, the 80-seat sec-
tions were split into two 40-seat sections by
assigning each student at random to either a
treatment or control section.

Once assigned, the treatment sections im-
plemented the MPC approach, whereas the
control sections were unchanged. After assign-
ment, students were free to change/drop/add
course sections up until the regular institutional
drop/add deadline (7 days after classes began).
To account for such changes, enrollments were
monitored, and only students who were ran-
domly assigned to either a treatment or control
section and remained in that section through
the regular, nonpenalty drop/add deadline were
included in the data for the experimental study
reported below. In total, 1019 students were
randomly assigned to either the treatment or
control groups. Of these, 516 students were
assigned to the treatment group, and 417 re-
mained in the section at the drop/add deadline.
At the same time, 503 students were assigned
to the control group and 394 students remained
in the section at the drop/add deadline. Our
study followed the Consolidated Standards
for Reporting Trials (CONSORT) guidelines
(18, 33, 34). The specifics of recruiting, enroll-
ment, assignment, and completion for the trial
are discussed in sections 1.3 and 3.1 of the
supplementary materials. The randomization
process produced comparable groups by mathe-
matical background and demographics; class
sizes were typical for the course (see section 3
of the supplementary materials).

Faculty participating in the study included
seven individuals teaching 16 treatment sections,
along with 12 individuals teaching 16 control
sections. Faculty recruited to teach the treat-
ment sections indicated a willingness to adopt
and implement the MPC approach, replicating
the authentic condition of faculty reforming
their classroom practice under the study design.
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To prepare for the new instructional approach,
faculty participated in a 2-day, pre-semester
professional development workshop and were
provided with the MPC curricular materials.
Consistency of the MPC treatment was moni-
tored through weekly preparation meetings in
which the course objectives and pacing were
discussed. In-class monitoring by the project
team was deemed overly intrusive and disrup-
tive to classroom engagement. Control section
faculty were not guided to use any particular
practices and chose their normal instructional
approach, best described as traditional lecture
format with at most limited student engage-
ment. Potential effects of instructor differences
on learning outcomes were investigated and
are presented in section 3 of the supplementary
materials and summarized below.

The student outcome measures reported in-
clude identical end-of-semester learning mea-
sures, as well as course success data (i.e., course
grades). The end-of-semester learning measures
focused on evaluating learning using a set of
identical assessment items (problems) developed
by instructors spanning all calculus sections and
spanning the major learning objectives of a cal-
culus 1 course. The aim was to determine how
well students understood essential elements of,
and exhibited fluency and technical competency
in, calculus at course end. Assessment items
aligned to both local and national standards (35)
were embedded in a cumulative final examina-
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Fig. 1. Overall end-of-semester learning mea-
sures effect sizes (Cohen’s d) broken out by
major, race/ethnicity, and gender. Error bars
indicate the 95% CI for effect size for each group.
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Fig. 2. Overall course success (earned grades of
A, B, or C) effect sizes (Cohen’s d) broken out

by major, race/ethnicity, and gender. Error bars
indicate the 95% CI for effect size for each group.
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tion and were administered to all students in
each treatment and control section. To ensure
fidelity and fairness to both treatment and
control sections, control and treatment faculty
collaboratively developed a set of items to be
administered to both conditions in identical for-
mat and wording. This set of identical items
formed roughly two-thirds of the total final exa-
mination content, with the remaining items
added by individual faculty in a separate section
of the examination, allowing them to address
their specific instructional goals. Furthermore,
the examinations and problems were formatted
identically and without course section identifiers
to allow completely anonymized evaluation dur-
ing the subsequent comparative analysis. The
identical items covered core calculus topics in-
cluding evaluating limits, identifying extrema,
curve sketching, related rates, and evaluating
indefinite integrals. For the second and third
semesters, additional items focusing on implicit
differentiation and optimization were added
to the identical set of items (for details, see sec-
tion 3.3 of the supplementary materials). Course
success data (grades) reflect the overall assess-
ment of students as assigned by each section’s
instructor. Course grade policies were estab-
lished by individual instructors following depart-
mental syllabus guidelines and were broadly
consistent across sections and semesters.

Analysis of the end-of-course learning mea-
sures used a rubric for each problem, with five
researchers testing the initial rubric on a subset
of examinations to establish interrater reliability.
The final rubric represented consensus on all
elements and accounted for initial ambiguity
or disagreement. The analysis was performed by
ateam of 10 trained evaluators, each of whom
evaluated a completely anonymous set of stu-
dent solutions. An average of two evaluators
reviewed each solution for correctness on a
scale from 0 to 100%. The evaluators were very
consistent and interrater reliability was high
(Cohen’s kappa 0.827 in fall 2018 and 0.797 in
spring 2019) (36, 37). The same rubric was ap-
plied to the fall 2019 data given its high degree
of agreement. Once all problems were evaluated,
the research team deanonymized and sorted the
results by treatment and control sections for
the comparative analysis.

Results

The results indicate significant improvements
in student learning for the MPC group across
all three semesters. Students in the treatment
group showed substantially higher scores on
the identical end-of-semester learning outcomes:
(fall 2018: d = 0505, P < 0.01; spring 2019: d =
0.748, P < 0.001; fall 2019: d = 0.925, P < 0.001)
compared with the control group. Combining
results from all three semesters of trials (i.e.,
32 sections and 811 total students), the overall
standardized mean difference between treat-
ment and control was d = 0.774:[95% confidence
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interval (CI) = 0.618 to 0.930] at the individual
level, a mediumy/large effect size (36, 37). An ad-
justed effect size (38) was computed using section-
level cluster properties and the mixed-effects
model structure described below and was found
to be dr = 0.771 (95% CI = 0.468 to 1.073; see sec-
tion 3.4.2.1 of the supplementary materials).

The success of the MPC intervention could
be seen across racial and ethnic groups, majors
and academic pathways, and genders (Fig. 1).
Similar medium/large overall effect sizes were
observed for students in the treatment condi-
tion who identified as Black/African American
(d = 0.882, P < 0.001) or Hispanic/Latino/a/
(d = 0.772, P < 0.001) when directly comparing
the identical learning measures with their coun-
terparts in the control condition. Although all
STEM majors showed significantly improved
learning, there were larger effect sizes for biology
majors in the treatment group (d = 0.925, P <
0.001). Students matriculating onto campus as
both first time in college (FTiC) and transfer
students showed medium/large effect sizes and
most were FTiC. Overall, treatment group stu-
dents show more consistency in applying the
tools of calculus to optimization problems, using
derivatives to sketch graphs of functions, and
in the evaluation of limits and integrals.

Potential biases arising in the random stu-
dent assignment and faculty selections were
investigated for hidden-level effects or confound-
ers to establish limitations of the study (see sec-
tion 3 of the supplementary materials). Random
allocation of students provided equivariance in
the demographics of student populations. Analy-
ses showed that allowing students to drop/add
sections during the open registration period
after the initial assignment did not affect the
measured outcomes. Faculty characteristics were
compared and found to be similar in both back-
ground and prior course student grade distribu-
tions. A mixed-effects model with student fixed
effects and random cluster effects due to section
and instructor levels was fit with tests of fixed
effects computed using Satterthwaite approxi-
mations (see section 3.2.4.1 of the supplemen-
tary materials). The explanatory power of the
model was found to be high (conditional R* =
0.39, marginal R*> = 0.31). The effect of treat-
ment was statistically significant (¢60 = 5.68,
P < 0.001, semipartial R = 0.119) (39), implying
an estimated effect size of Cohen’s f = 0.368
with covariates and cluster-level effects present.
Random effects correlated with 0.085 of outcome
variance (intraclass correlation coefficient = 0.13
with demographic covariates). A sensitivity anal-
ysis (see section 3.2.4.3 of the supplementary
materials) showed that unmeasured confound-
ers would need to be four times more powerful
than any measured covariate, including student
mathematics background, to be responsible for
the observed effect.

Furthermore, students in the MPC treatment
condition had improved course grades. Average
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grades were significantly higher by ~0.4 points
(4.0 grade point scale) in MPC sections across
all semesters of the study (P < 0.001, d = 0.295).
This translated to success rates (A, B, or C grades)
averaging 11% higher in MPC sections compared
with traditional sections (P < 0.001, d = 0.251;
Fig. 2). Outcomes were consistent across the
three semesters of the experiment (Fig. 3). More-
over, the MPC sections also had lower course
late drop rates (departure after the regular drop/
add period ends) across all three semesters
(P <0.05,d = 0.141), suggesting that students
more clearly perceived that they were likely to
succeed in the course.

The trend of improved outcomes in course
success was also observed for demographic
subgroups, as can be seen in Fig. 2. A logistic re-
gression model of success using gender identifi-
cation, FTiC status, and Hispanic identification
as independent variables showed the odds of a
female-identified student in the treatment group
passing the course to be 58% higher than the
odds of a female-identified student in the control
group (b; = 0.46, P < 0.05). Hispanic students’
odds of passing the course were almost double
that of their counterparts in the control group
(b; = 0.70, P < 0.001). The likelihood of FTiC
students in the treatment group passing the
course increased by ~85% compared with FTiC
students in the control group (b; = 0.61, P < 0.01)
(for details, see section 3.4 of the supplementary
materials).

Discussion and conclusions

This pragmatic trial demonstrates that stu-
dent learning outcomes were significantly im-
proved in the treatment condition. Contrary to
previous research (40), this study shows that
when students are expected to engage with
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calculus concepts collaboratively using inten-
tional, evidence-based teaching strategies, they
develop a better understanding of calculus con-
cepts and techniques. The benefits of the MPC
curriculum and pedagogy were realized regard-
less of racial/ethnic group, gender, or major/
academic pathway. These trends suggest that
the treatment includes culturally responsive and
equitable strategies. Specifically, the MPC learn-
ing environment is designed to promote learn-
ing communities that provide ongoing support
for learning mathematics through collaborative
engagement and ongoing formative feedback.
This aims to promote inclusion and increases
access for students with different mathematical
backgrounds, cultural identities, and life expe-
riences by allowing them to use their mathe-
matics skills in a supportive, nonthreatening
environment.

The improved learning and course success
for modeling practices in calculus reported in
this study have profound implications for cal-
culus instruction. This study demonstrates the
substantial benefit to students of the MPC ap-
proach designed around established, evidence-
based principles, and should motivate educators
in mathematics and other STEM disciplines to
adopt the same or similar approaches and
conduct similar studies to replicate these find-
ings. Improved student success also leads to
more efficient student progress to graduation
and boosts institutional effectiveness. Applying
this study’s 11% average improvement in pass
rate to all 2000 first-time calculus students at
FIU would translate to 220 additional students
succeeding in calculus annually and reducing
the instructional load by five sections annually.
Extending this strategy to the ~300,000 stu-
dents across the nation taking calculus 1 each

Fall 2019

Outcome

. Late Drop

Ll Ll
Treatment Control

Fig. 3. Final course grade outcomes broken out by term and curriculum, including success (earned
grades of A, B, or C), fail (earned grades of D or F), and late drops (withdrawals or drops after the
institution’s drop/add deadline). Vertical scale is percentage by outcome. Error bars indicate the 95% CI
for the mean percentage of students in each outcome group over all sections in a term.
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year, these results translate to the potential for
an additional 33,000 students passing calculus
each year, saving students an estimated $23.9
million on tuition [based on a three-credit course
at the average public college/university tuition
rate of $242/credit (41, 42)]. Pragmatic trials
provide guidance on what can be achieved by
engaging faculty willing to change their ins-
truction. These results potentially represent a
lower bound on the long-term effects because
faculty likely develop additional expertise
through continued instruction and realize im-
proved outcomes. The measured effect size pro-
vides the rationale to stop the control due to
treatment benefit if one follows medical re-
search protocols (43, 44).

The experimental methodology described here
establishes a new standard of care for calculus
instruction and a high standard of evidence to
bear on understanding the impacts on student
learning. Improved learning of calculus aims to
foster higher success in future STEM courses
and develop the STEM “habits of mind” that stu-
dents take with them into their future careers.
Further, MPC shows the potential to address
the disparities that differentially affect histori-
cally underrepresented groups, thus offering a
mechanism to address Handelsman et al.’s
(14) call to promote the success of historically
excluded communities. We envision a mathe-
matics experience for all students built on this
approach and recommend that active student
engagement must be deployed across all STEM
disciplines to improve our development of fu-
ture STEM professionals from all backgrounds.
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Editor’'s summary

Across US universities, calculus is a gateway course for STEM degrees. Of all students who initially pursue STEM
degrees, more than half graduate without one, often after struggling through coursework. Instructors defaulting to
traditional lecture-based instruction exacerbates disparities in failure rates; this disproportionately affects women,
Hispanic, and Black students, depriving the workforce of talent and insights from diverse groups. Kramer et al.
conducted a large trial that randomized students into calculus classrooms where instructors actively engaged students
collaboratively (treatment) or relied on traditional lecture styles that treated them as passive learners (control). Across
demographic groups, the treatment was more effective, as engagement fostered a deeper understanding of calculus,
improved grades, and promoted the inclusion of underrepresented students. —Ekeoma Uzogara
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